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1. Introduction and Preliminaries

One of the most fascinating field in graph theory is labeling of graph. In 1967,
A. Rosa Studied graph labeling [8] and he conjectured that every tree is graceful.
This concept has attracted a lot of attention in the last 50 years but has only
been proved for some special classes of trees. Graph labeling is an allocation of
numbers to V(G) or E(G) or both subject to certain conditions. In 1980, Graham
and Slone [6] introduced the concept of harmonious labeling (HL) which is an
vertex labeling function on additive bases. A labeling f on vertex set (V(G))
is considered to be harmonious, if f is an injective function from V(G) to the
group (Z,+), hence the function f* from E(G) to (Z,+) defined by f*(uv) =
f(u)+ f(v)(mod q) for each uv € E(G). If G is a tree then HL has same numbering
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for two vertices [1]. Harmonious labeling of a graph plays an important role in social
networking, rare probability events, spectral characterization of materials using X-
ray crystallography and many more.

The odd-harmonious labeling [10] was introduced by Liang and Bai and defined as,
G is considered to be odd-harmonious, if there exists an injection f from V(G) to
{0,1,2,...,(2¢—1)} which induces f* from F(G) to {1,3,5,...,(2¢—1)} given by
f*(uv) = f(u) + f(v)(mod 2q) is bijective. If G admits odd-harmonious labeling
then called odd-harmonious graph which are used for solution of undetermined
equations. Many authors have investigated several different results for existence of
both harmonious and odd-harmonious labelings [2, 9, 12]

Chemical graph theory [4] is a combination of chemistry and mathematics. An
important part of this concept is molecular graph which represents the chemical
compound in terms of a graph. The atom indicates the vertices and the chemical
bond indicates the edges. Some structures such as silicate chains, benzenoid chains,
regular dendrimer (7} 4) etc., also form a type of molecular graph.

The noticed graphs here are simple, undirected, finite and connected. For undefined
terminology and notations we refer [7] and for different labeling concepts we refer

[3].
o—eo—o :
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Figure 1: The rooted tree By

Let P; be a tree with three vertices rooted at one of its end vertex, the rooted
tree By is the k copies of P;. The rooted trees B, B3, By, ..., By are acquired
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respectively by noticing the roots of 2,3 and k copies of P5. If d > 2 be an
integer and 1, Ba, B3, ..., Bq € { B2, Bs, ..., B} are rooted trees, then in Kragujevac
tree (Kgqx), [4,5] T is a tree possessing a vertex of degree d which is central
vertex adjacent to the roots of i, 52, 03, ..., B4, where d is the degree of T" and
b1, B2, B3, ..., fa are the branches of T. Here | V(Kgax) |= (2K + d + 1) and
| E(Kgar) |= (2K + d) where K is an auxiliary parameter defined by > k; = K,
here k; is total copies of P;

The rooted trees By, B3 and By are acquired respectively by identifying the
roots of 2, 3 and k copies of P;3. Dendrimers are highly branched, mono-disperse
macromolecules and it is a new class of polymeric materials and has a great impact
on their physical and chemical properties which were first studied by Fritz Vogtle
in 1978. A regular dendrimer T}, [11, 13] for £ > 0 and d > 2, is a tree with
a center vertex u containing each non-pendant vertex of degree d and k is the dis-
tance from center vertex to each pendant vertex. Here T} 4 has branches equal to
(d—1)F — 1]

d—2

its degree d and each branch of T}, 4 has vertices.

2. Main Results

Results on harmonious labeling of Kragujevac trees and regular den-
drimers are obtained.

Theorem 2.1. For 2 < d < 3 and k > 2 with isomorphic branches fB,,i =
1,2,3,..., then Kgqk, admits OHL.

Proof. The Kragujevac tree K gq x with isomorphic branches 3, of degree d hav-
ing (2K 4+ d + 1) vertices and (2K + d) edges and every branch By, having (2k + 1)
vertices and 2k edges. Let {u,ui,vi} U {ul,u? /1 < i < n}U{v}v? /1 <i<

m} U {w}, w? /1 <i <1} are the vertices of K gqx, where n, m, and [ are equal to

K
5 and f:V(G) = {0,1,2,...,(2(2K +d) — 1)} the vertices are labeled as,

K
Case 1. The number of branches with > copies of P3 which is even with degree 2

fw) = 0, flw)=1,f(v)) =3, f(u})=2(Gi+1) for1<i<n
flor) = (flug) +2) +4(G—1) for1<i<(m—1)
i) = [E@G)]+7, f(u}) =] V(G) | +2
flop_) = [V(Kgag) | +20 for1<i<(m—1)
fluz) = ffuuy,), flul_ )= f"(uu, )
F02) = @a—1)— Fub), F() = V(gus) |42 for 1 <i< b1
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K
Case 2. The number of branches with 5 copies of P3 which is odd with degree 2

flu) = 0, flw))=1,f(v)) =3, flu;)=2(+1) for1<i<n
fi) = (f(u,)+4)+4i for1<i<m
f2) = [ffwuy), f(u3) =] V(Kgar) | +2, f(v7) = (2¢—1) — f(v])
F02) = (Pl +2)+26—1) for1<i< (B 1
FO2 o) = frlud) =20 —1)) for1<i< 2t
W 1) = FWhed)—(m=1), f) = fud) +2i for 1<i<("21) 3

fu) = 0, flw) =1, f(v1) =3, f(wr) =5

fluj) = (flw) +1)+4(G—1) for1<i<n
f@h) = (fluy)+2)+4(i—1) for1<i<m
fwi) = (flop,) +2)+2(i—1) for1<i<I
f(uf) = f(ulu]j)—i—él(i—l) for1<i<n
fi) = | E(Kgar) |, f(0]) =] E(Kgag) | —2(i—1) for2<i<(m—1)
if d>3 f(u2) = 2| E(Kgag)| —(m+5)
if d=3 f(v) = 2| E(Kgax) | —(K+ (5n.—9))
if =3 f(u?) = 2| B(Kgu) | ~(8n—15) +6(—1), 1<i< o1
fwp) = (2¢—=9), f(wi,) =31+2
if d>3 f(w}) = 2| E(Kga) | —8n—15), f(wi)=2| E(Kgax) | —(m —1)

K
The number of branches for both even and odd ) copies of Pj, the numbering of

edges are as follows,

fr(wu) = 1, f*(vu) =3, f(uu)) =

o)) = (fH) +11)+2i, 1<i<

Fr(ou) +2i, 1<i<
K
2
<1

Fruivd) = flui)+ f(u7) (mod2q), 1

friol) = fo))+ f(v]) (mod2q), 1 <i<
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The labels of edges of K gq) of degree 3 with isomorphic branches are as follows,

[ (uru)
fHuuy)

[ (o1v;)

fH(wywy)
fr(uju?)

fr(viv)

17 f*(Ulu) = 37 f*(wlu) =9

(fud) +1)+43—1), , 193%
(fOH g )+3,, 1§z§<§—1)
— (i-1)
2

hence the arrangement of numbers of edges and vertices are not same. Thus K g4 i
admits odd hormonious labeling with 2 < d < 3 of isomorphic branches.

K
IMustration 1. OHL of K gy x which is with even and odd ) copies of Py is shown

in fig 2. and OHL of K g4 with isomorphic branches of degree 3 is shown in fig

3.

Figure 2: Kgs315
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Figure 3: Kgo5 and K g2 10

Theorem 2.2. For d > 4 with two stages and for d = 3 with four stages, the

reqular dendrimer Ty, 4 admits OH L.

Proof. Let T, 4 be a tree with central vertex u of degree d and distance from

central vertex is k. The total branches in T} 4 are equal to its degree. By of (1} q)

(d—1)*-1 [d(d — 1)k — 1]

—_— E(T, =
d—2 d—2 and| <k7d)|

[‘“d_i)k —U et {fudU{ul /0<i<(d—1)}u{ui /1 <i<(d—1)Yu{ul, /1<
i<(d-1)}u{uy /1<i<(d—-1)},...,{u}, /0 <i, j < (d—1)} are the vertices
of Ty 4. Define f : V(G) — {0,1,2,...,(2(]| E(Tka) |) — 1)}, where the labels of

vertices are,
Case 1. For even degree

has vertices and | V(Trq) |= 1 +

flu) = 3, flu)=2j for 0<j<(d—1)

flu)) = fuug), flui) = f*(ua-rug_,)
fluby) = f(uua) +2j+2( 1) for 1 <j < (d—1)
FO2) = Fluul) +25+2(—1) for 1<j < (d—2)
fuhy) = f*(uugs)
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Fiy) = f*(utas) + flugr) + 20— 1) for dj2<i< g+ 1
ifd>4
flug?) = (), Fudh) = flugr) + F (ug-oud )
f(u;)’) = f"(uq- 1ud 1)—}—2(2—1) for1<j5<3,1<i<3. whereiisodd
d
f(u?ﬂ) = f*(ud_gug/jg) +2i4+2(i—1) for1<i<2,2<;j<3
d
—+1
flud ) = luamsugy), fu)) = [ (taaug’)
f(u?_2) = ff(ug_suy 5) +4(i+1) for 1 <i <2 2<j<4wherejiseven
d
f(u;-l’l) = f*(ud,gudQ_?) —2(i+1)+2i for1 <j<2 1<i<3, wherejisodd
C—Z+1 C—Z—&-?
Fug™) = fluasudy ), ful™) = f(ugsud, ) +2i, 1<i<3
flug=y) = f(ua—rug’?)
Case 2. For odd degree
Fw) = 3, flu)=2) for 0<i<(d—1)
flur) = f*(uud—l)» flug_y) = fug—o + f*(uuq_1)
f(u}) = f"(uj- 1uj o) for2<j<(d—1)
ff) = fluj)+ fluy) for 1 <j<(d—1)
flug ) = ffluug=s), flug ) = f(unas) + f(ua—)
fud) = f(ug-aug )
f(ug’) = [f(ug_rul ) +2j for 1 <j<(d—1), jisodd
f@3) = f(ugrugy) +2j for2 <j<(d—1), jiseven
f(u;) = [ (ug_oul_ 3) F2(i—4) for2<i<(d—1),1<j<3, jisodd
if d>5,
fud_) fr(uug—s), flug_o) = f*(uug—s) + f(ua2)
f(u3) [ (ua-gug_,)
f(u?) = f*(ud,guﬁ 0)+2i+2(i—1) for1<i<2 3<j5<(d—3)
flug™?) f(ua-sug_s) + f(ua—2)
fi=3) = fuasujy), f(ud) = f*(ug-1ui ;)



54 South FEast Asian J. of Mathematics and Mathematical Sciences

e

Ud—3ufl 3)s f(ug 2) = f*(ua- 1“3_?)

(u) = f( )
(u}) = [ (ug-rui_y) +2i+2(—1) for 1<i<(d—3),2<j<(d—3)
f(u) [ (ug_sus 3) +2(i—1) for 1<j<3jisodd
flug?) f*(ud—WZ:%% Flug=3) = f*(ua- 3U§l 3)
fu)) = f (uaaugy), fluy™) = f*(ua- 2ud T)+2
Flug=y) Frlugus™), f(ug™) = f*(ua-2ug_s)
(u5)

—

s

= fFlugud™) +2(G—1) for 1 <i<2,2<3j<3, jisodd
Case 3. T}, 4 of degree 3 with four stages

= 3, f(u;) =25 for 0<j5<d

= ffuuz)+2(l—1) for 1 <1<2,1<i<2

= A4f*(upuy) —10(I — 1) for 1<1<2,3<i<5h

= f(u3)+1 for3<1<5 4<i<6

= fuug)+4l for 1 <1<2 1<i<2

= f*(u3u§)+l for1<1<3,3<i<5wherel andi are odd
= fud+5)+(1—1)for2<1<3,4<i<6

= [f(uguy) +4l for 1 <1<2,1<i<2

= f*(ulu%)%—l for 3<1<5, 3<1<5, wherel and i are odd
= 2, ford<Ii<(d+2),4<i<(d+3)

= n+9)+2(l—1) for1<i<(d+1),8<i<14

=

S

S~—
|

S & &

N

S & & <

<
i e S s S S e S S s S R I R S S Sy

i . o i . e .
S

fw?) = fruu?), f@))=n-1), flus’) =39

flw') = fuju?), f(ui) = f(uju’)

fluy) = frlusuz) +2(1—1) for 1 <1<2, 7<i <09,

fluy) = (f*(u3u§)+6) 2(1—1) for1<1<2 11<i<13
4

f( 420 for1<i<d, 8<i<10
= (n+1)+10 flug') = ( -2
(ug

<

v T Y Y T D . Y N N N N ) N . N N

—~ ===
DJH[\JQH)—H—'
[N}

ug?) = fruiul) +2, flusgh) = f*(uiul)
(ug) = flu)+24+2(1—1) for1<1<2,7<i<9
flu’) = (n+3), f(u3) = (n+3)+2.

For both even and odd degree of T}, 4, the edges are labeled by
frluw) = flu) +2(i=1), 0<i<(d—1)
[ (uoug) = f(uo) + f(up) (mod2q), 1 <j<(d—1)
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Flanwd) = flu)+ () (mod2g), 1<) < (@d—1)
Flud) = flun)+ () (mod2g), 1<) < (d—1)

frlunl) = fu)+ f(u]) (mod2q), 0<i<(d—1)and1<j<(d—1)

The edge labels of case 3 are as follows, f*(uu;) = f(u) +2(i—1), 0 < i < d,
remaining edges of T 4 of degree 3 are labeled by taking sum of labels of terminal
vertices of the edges which are distinctly labeled and f* is bijective. So, the labeling
of both vertices and edges are distinct. Hence the regular dendrimer 7}, 4 of degree
d admits odd hormonious labeling.

IMustration 2. OHL of T} q dendrimer with even and odd degree at the centre
is shown in fig 4. and OHL of Ty, of degree 3 with f6-vertices in 4 stage is
illustrated in fig 5.

8
30U 51U

Figure 5: Regular dendrimer T} 3
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Theorem 2.3. The Kragujevac tree of degree d with 2 < d <5 admits HL.
Proof. The Kragujevac tree K g4 x with isomorphic branches 3, of degree d with
(2K +d + 1) vertices and (2K + d) edges. Let {u} U{u} /1 <i < K} U{vi, ;1<
i < K} are the vertices of Kgyx with f : V(G) — Z,, where the vertices are
labeled as,

fu) = 0, f(u;)) =1i for 1<i<d
ft) = (F(uug) + 1)+ —1) for 1 <i<3,1<5<3
fu) = fud)+2 for1<i<3,4<;j<5
Fi™) = f*(uui™) + f(us)
f™ = f*(us u‘li+2) +(i—1) for1<i<2
PO = 24, F) = £ ()
fl)) = (f(v1) =2)+3(i 1) for 1 <i < (d—1),
whend = 4and?2 < j < (d+2), for even j, f(v3) = f(ul) + 1

fd) = feh+ (12—,

when d = 3and5for1<i<2 4<j<6
fih = 2d+2, f(o] ) £ (202N when d = 4
) = (d+1), f(}") = fui" )+ 1ifd=3and5
fit = ffufuz) + (i —1) for 1<i<2ifd=5
) = i)+ (i—2) for2<i<3if d=5.

The labels of edges of Kgqy are

frluw) = i, 1<i<d, f*(uuy) =6
frluuy) = (ff(wug) +1) +20G—1), 1<i < (d—1)

The remaining edges are labeled by taking sum of labels of terminal vertices of
edges which are distinctly labeled and f* is bijective. Hence both the labeling
pattern of edges and vertices are distinct. Thus K¢y x admits hormonious labeling
with 2 < d < 5 and isomorphic branches .

Ilustration 3. Kragujevac tree of degree 4 is illustrated in the fig 6.
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Figure 6: Kragujevac tree K gy g

Theorem 2.4. For 3 < d <5, the reqular dendrimer T}, 4 of degree d and distance
from central vertex k admits HL.

Proof. Let T}, be a tree with central vertex v of degree d with distance from
central vertex k. The total branches in T} 4 are equal to its degree. Each branch of

(Ty.q) has (d _dl_) — vertices and | V(Tj.q) |= 1+ [dd ;i) — 1] and | E(Tyq) |=
D=1 Lot fu U /0 < < (d= DY U{uf. 17 < (d= D} Ul 1 <

i < (d=1)}, ..., {u}, 0 <i,j < (d—1)} are the vertices of Ty 4 and f : V(G) — Z,,
such that the vertices are labeled as,

flu) = d—d—gl, z’fdz'soddandd—d+2, if diseven
fluj) = jfor0<j<(d—1), flu)=f"(uug), f(ui) = f(u) +1
fluj) = flu)+2i4+2(i—1) for1<i<(d—2), and2<j <(d—1)
f(uJQ) = fuH)+3i+20—1) for1<i<(d—3), and2<j < (d—2)
flus) = f(ua-rugy), flugtl) = [ (uuas)
flugry) = fruugy), fui) = f*(ua1ugp)
f(ug’) = f(ui’)—l—iforlgig(%—l) and2<y<%
Flui™) = f(ua2ug_s), flugss) = f(wuf™), flug™) = flusugs)
ifd=4, f(u}) = 9, f(u3) =6, f(ug}) = f(wu™), flugsy) =2.
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fu}) = flu))+20+3G—1) for1<i<2 and2<j<3
fw?) = f(ugub ) +@GE—1) for1<i<2 and2<j<3

The edges labels of T}, 4 of degree d are,

f*(uuq) = 1, f*(uui)§3+(i—1), 1<t <
fr(uoug) = fluo) + f(up) (mod2q), 1 <j<(d—1)

frlusud) = fluw)+ f(ub) (mod2q), 1<j<(d~1)

So, the labeling of both vertices and edges are distinct and the regular dendrimer
T} q of degree d with 3 < d <5 admits hormonious labeling.

IMlustration 4. HL of reqular dendrimer Ty 4 of degree d with central vertex k is
shown in fig 7.

Figure 7: regular dendrimers 754 and T3 5

3. Conclusion

In this article, we have studied on vertex labeling functions called HL. and OHL
and obtained the results for Kragujevac trees and one of the molecular structure
namely regular dendrimer which admits both HL. and OHL.
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